Abstract. For the space of polynomial pencils of Lax matrices defined on a loop algebra g[λ, λ
Introduction
In [11] a family of compatible Lie-Poisson tensors has been constructed for the space of polynomial pencils of Lax matrices defined on a loop algebra g[λ, λ −1 ], g being a finite-dimensional simple Lie algebra. The spectral invariants of these Lax matrices are involutive functions with respect to this family of Lie-Poisson brackets.
Our main goal is the construction of a deformation of a Poisson pencil belonging to the Reyman-Semenov-Tian-Shansky (RSTS) family.
This note is organized as follows. Section 2 contains a short preliminary background on Lie-Poisson brackets on g * [1, 12] and on the direct sum of N copies of g * . We then recall a contraction procedure of the Lie-Poisson structure ⊕ N g * [9] , establishing the relation between the Lie-Poisson tensor associated with ⊕ N g * and a tensor of the RSTS family. Section 2 contains also some basic notions concerning the Gel'fand-Zakharevich analysis of a Poisson pencil [3, 7] , in the hope of making the paper self-contained.
In Section 3 we introduce the RSTS tensors [11] associated with the space of polynomial pencils of Lax matrices defined on a simple loop algebra g[λ, λ −1 ]. The special choice g = su(2) enables one to recover the well-known Lagrange top [1, 11, 12] and its triHamiltonian formulation. Section 4 is devoted to the construction of a smooth deformation of a Poisson pencil belonging to the RSTS family, thus obtaining a class of deformed integrable systems.
In Section 5, fixing again g = su(2), a new integrable deformation of the Lagrange top is presented. Finally, some concluding remarks are contained in Section 6. 
with L ∈ g * . Since df, dg ∈ g * * ≃ g, the commutator in Eq. (1) is well defined. A Hamiltonian vector field χ H , H ∈ F (g * ), at L ∈ g * , is given by
where ad * is the coadjoint representation of g on g * . The Casimir functions C ∈ F (g * ) are those that generate a trivial dynamics. They are characterized by the equation ad * dC(L) L = 0, and they are called coadjoint invariants.
An important case, in which the above formulae simplify significantly, is the following one. Let g be equipped with a non-degenerate ad-invariant scalar product ·, · :
In such a case, g * can be identified with g by means of this scalar product, and its invariance means that ad * = −ad, so that the notion of coadjoint invariant functions on g * coincides with the notion of adjoint invariant functions on g. Consequently Eq. (2) reads
and the Casimir functions are defined by [L, dC(L)] = 0. Hereafter we shall consider g as a simple matrix Lie algebra. We denote by
an arbitrary basis of g and by {C αβ γ } dim g α,β,γ=1 the set of its structure constants, so that
We shall use the convention of summing over repeated greek indices: they shall always run from 1 to dim g.
We can now use the trace to define an ad-invariant scalar product. Indeed the corresponding metric tensor g αβ . = tr[X α X β ] coincides (up to a scalar factor) with the CartanKilling form of g, that is invertible since g is simple. Accordingly, the dual basis {X β } dim g β=1 of g * will be given by X β = g αβ X α where g αβ denotes the inverse of the Cartan-Killing metric:
where the z β 's are the coordinate functions on g * . The differential of a coordinate function z α is given by dz α = X α . Using Eq. (1), we get the following representation of the Lie-Poisson tensor P :
with 1 ≤ α, β ≤ dim g. A coordinate independent representation of P can be obtained using the ad-invariance of the trace and the identification of g and g * :
so that the Lie-Poisson tensor P is given by minus the adjoint action of L, P . = −[L, ·]. Using the Lie-Poisson P tensor we may write the Hamiltonian vector field (3) as χ H = P dH, so that a Casimir function C is such that P dC = 0.
Lie-Poisson brackets on ⊕
N g * and their contraction. We can easily extend the definition of a Lie-Poisson tensor to the direct sum of N copies of g * , ⊕ N g * . It reads
being the coordinate functions on the i-th copy of g * . Notice that the Lie-Poisson tensor (4) can be also defined through the linear r-matrix bracket
where
is the standard classical rational r-matrix and L(λ) is the Lax matrix of the rational Gaudin system [5, 9] :
The spectral invariants of (7) define a completely integrable Hamiltonian system on F (⊕ N g * ) provided that the constant matrix W ∈ g has simple spectrum [11] . In [9] we have shown that, in the limit ε → 0, the isomorphism given by
Obviously g * N is not isomorphic to ⊕ N g * after the limit contraction. The contracted Lie-Poisson tensor has the form:
It can be proved [9] that the Lie-Poisson tensor (9) is associated with the r-matrix bracket (5) with the same r-matrix (6) and a Lax matrix given by
Notice that the Lax matrix L(λ) is obtained from L(λ) in Eq. (7) by identifying λ i = εν i , using the change of coordinates (8) and taking the contraction limit ε → 0. In coordinates one has explicitely:
and
with 0 ≤ i, j ≤ N − 1. Let us remark that (10) is indeed a polynomial Lax matrix up to a redefinition of the spectral parameter λ. By choosing N = 2 and g = su(2) in Eq. (10) one obtains the Lax matrix of the Lagrange top [1, 9, 11, 12] , which satisfy a linear r-matrix formulation as in Eq. (5) . See Section 3.1 for further details.
2.3. The Gel'fand-Zakharevich analysis of a Poisson pencil. Beside the r-matrix formulation, the bi-Hamiltonian method is another way to obtain involutive functions on a Poisson manifold (not necessarily a Lie-Poisson manifold). In this paragraph we briefly recall the part of this theory that pertains our aims.
Let M be a smooth manifold endowed with a Poisson bracket {·, ·}, associated with the Poisson tensor P . A necessary and sufficient condition for {·, ·} to define a Poisson structure is that [P, P ] S = 0, where [·, ·] S denotes the Schouten-Nijenhuis bracket defined by
Assume now that M is endowed with two Poisson brackets {·, ·} and {·, ·} ′ . We say that M is a bi-Hamiltonian manifold if the linear combination P λ . = P + λP ′ defines a new Poisson tensor, called Poisson pencil, for any value of λ ∈ R, that is equivalent to say that [P, P ] S = 0, [P ′ , P ′ ] S = 0 and [P, P ′ ] S = 0. By definition one has
If [P, P ′ ] S = 0 the tensors P and P ′ are called compatible. The Gel'fand-Zakharevich method [3] is a recipe to associate with a Poisson pencil P λ of no maximal rank an involutive family of functions. Its core can be described as follows.
Let M be a 2n + k dimensional bi-Hamiltonian manifold, and let us suppose that the rank of P and P ′ is 2n. One starts fixing a basis {H
of the Casimir functions of P , that is functions satisfying P dH 0 i = 0. Applying the second tensor P ′ to one of such functions one gets (in general) a non trivial vector field χ , and so on and so forth. Supposing one can iterate this process, one finds, for each independent Casimir of P , a Lenard-Magri chain of vector fields. As a consequence of the bi-Hamiltonian recursion relations, all functions H j i commute (with respect to both Poisson brackets), even if they do not pertain to the same Lenard-Magri chain. Complete integrability (of every vector field of the chains) is recovered whenever n + k elements of the family of functions H j k are functionally independent, noticing that k elements of such "fundamental" Hamiltonians are provided by the k Casimirs H 0 i . Indeed, all vector fields of the Lenard-Magri chains are tangent to the generic symplectic leaf of P , and, when restricted to such a leaf, the remaining n functions of the fundamental Hamiltonians provide the required n mutually commuting integrals of the motion.
Hierarchies of Lie-Poisson structures associated with polynomial Lax matrices
In [11] it is shown that the spectral invariants of the Lax matrix (10) define a complete set of integrals of motion which are in involution with respect to N + 1 compatible tensors given by
= 0 for i < −1 and i ≥ N. Let us notice that Π 0 is exactly the Lie-Poisson tensor (9) . We shall call the tensors Π k RSTS tensors.
For our aims just the case N = 2 is relevant. Thus, let us write the RSTS tensors explicitly in this case. According to Eq. (12) the three compatible Lie-Poisson tensors read
The independent quadratic spectral invariants of the Lax matrix (10) read
They are in involution with respect to each one of the three Lie-Poisson tensors. Moreover, (H 3 , H 4 ) are the quadratic Casimir functions of Π 0 , (H 2 , H 4 ) of Π 1 and (H 1 , H 2 ) of Π 2 .
3.1. The e(3) Lagrange top. Assume N = 2 and g = su(2), i.e. C αβ γ = ǫ αβγ in Eq. (11), where ǫ αβγ is the skew-symmetric tensor with ǫ 123 . = 1. We denote a generic matrix in su(2) by the symbol a. Let us choose the following basis of the linear space su (2):
The isomorphism between (su(2), [·, ·]) and the Lie algebra (R 3 , ×), where × stands for the vector product, allows us to identify R 3 vectors and su(2) matrices. We supply su(2) with the scalar product ·, · induced from R 3 , namely a, b = −2tr(ab), ∀ a, b ∈ su(2). This scalar product allows us to identify the dual space su * (2) with su(2). Moreover it is useful to recall that for a, b ∈ su(2) their matrix product has the form ab = − (1/4) 
The matrix (10) turns out to be the well-known Lax matrix of the three-dimensional Lagrange top described in the rest frame [2, 12] , where w . = (0, 0, w) ∈ R 3 is the external homogeneous and constant gravitational field. Let us recall that the Lagrange case of rigid body dynamics is characterized by the following data: the body is rotationally symmetric with respect to the third coordinate axis (i.e. the inertia tensor reads diag(1, 1, ξ), ξ ∈ R) and the fixed point lies on the symmetry axis. The brackets corresponding to Π 0 define the Lie-Poisson algebra e * (3):
Here y 0 denotes the angular momentum of the body and y 1 is the vector pointing from the fixed point to the center of mass of the top. Taking into account Eq. (17) the Casimir functions of the brackets (18) read
According to the results previously presented, the Lagrange top admits a tri-Hamiltonian formulation, where the three compatible Lie-Poisson tensors are given in Eqs. (13-15) .
The standard Hamiltonian flow of the Lagrange top is obtained by considering the spectral invariant H 1 in Eq. (16), namely
and the vector field
(20) As shown in [2] the Lagrange top flow described in the rest frame does not depend explicitly on the anisotropy parameter ξ of the inertia tensor.
Let us remark that the Hamiltonian flow χ LT can be immersed in two different LenardMagri chains, starting and ending with the Casimir functions of the Lie-Poisson tensors Π i , i = 1, 2, 3:
Remark 1. The Hamiltonian formulation of the Lagrange top with respect to the Lie-
Poisson brackets on e * (3) is classical [1, 11, 12] . A bi-Hamiltonian formulation has been introduced in [10] in the semidirect sum so * (3)⊕ s so * (3). The tri-Hamiltonian formulation of the Lagrange top has been considered in [6, 8] . Nevertheless we have here to remark that it is indeed a consequence of the general group-theoretical scheme proposed by A.G. Reyman and M.A. Semenov-Tian-Shansky in [11] .
A deformation of RSTS tensors with N = 2
The goal of this Section is the construction of a smooth deformation of the Poisson pencil Π 0 + λΠ 1 for a generic simple Lie algebra g and for N = 2, thus providing a class of deformed integrable systems.
The following result holds.
where Π 0 , Π 1 are given in Eqs. (13) (14) , is a Poisson pencil.
Proof: The tensor Π 0 + λΠ
1 is a Poisson pencil for any λ ∈ R if and only if the following Schouten-Nijenhuis brackets vanish:
for all f, g, h ∈ F (g * 2 ). Here
Let us give an explicit proof just for Eq. (22). Then, a similar straightforward computation shows that also Eq. (23) holds.
Since the Poisson bracket is a derivation it is enough to consider f, g, h as linear functions on g * 2 , so that their differentials contain only constant matrices:
The compatibility between the tensors Π 0 and Π δ is then proved by the following calculation:
Considering the order δ in the bracket [Π 0 , Π δ ] S (df, dg, dh), we get:
Let us introduce the function F (X, Y, Z) .
. A straightforward algebra shows that Eq. (24) can be written as We list some other open problems that could deserve further investigations. For instance, we have shown that the Lie-Poisson tensor (4) associated with the rational Gaudin model and the RSTS tensor Π 0 are linked by a generalized Inönü-Wigner contraction. It would be interesting to find a "lifting" from g * 2 to g ⊕ g also for the second Poisson tensor Π (δ) 1 in such a way to preserve the compatibility. Such result will allow us to construct an integrable deformation of rational Gaudin systems.
Let us also mention that it could be very interesting to interpret the function (29) as the integral of motion of a discrete-time integrable map, as done in [2] for the function (30) and in [4] for (31). In other words, we would like to construct an integrable map (y 0 , y 1 ) → (ỹ 0 ,ỹ 1 ) such that the discrete-time version of the energy integral be (29). Notice that this problem could, in principle, be studied for a generic simple Lie algebra g, and not only for su (2) . 
